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DIRECT CALCULATION OF SUBLIMATING ABLATION

¥ %
Hirotoshi Kubota

Abstract. A direct and rapid calculational .
method of sublimating ablation for a hypersonic
heat-shielding device is presented. This is
based on a numerical analysis of the Hartree-
Womersley method which reduces parabolic partial
differential equation to a corresponding
ordinary one by means of a kind of implicit.

1. Introduction

When a spacecraft reenters the atmosphere, powerful shock waves [1E*
are produced around the craft, and the air currents behind the
éﬁé;ﬂwaves assume an extremely high temperature. It has been made
clear in recent research that an effective way to protect the craft
from this sort of aerodynamic heating is to adopt mass transfer
cooling, in which a relatively small quantity of cooling gas or

cooling liquid is blown off into the external fluids.

This utilizes chiefly the following three effects: (1) By mix-
ing the low-temperature cooling gas with the main currents of high-

temperature gas, the air-current temperature near the surface of the
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~object is lowered. (2) The temperature gradient is reduced on ac-
" count of the increased thickness of the boundary layer due to the
increased mass inside the boundary layer, and also due to variations
of the velocity distribution and temperature distribution inside the
boundary layer. (3) Heat absorption occurs because of chemical re-
actions or phase changes inside the boundary layer or on the surface

of the substance.

Possible heat-protection methods are transpiration cooling, film
cooling, local mass injection cooling, or ablation cooling. They
each have their advantages and disadvantages, and it 1s difficult to
determine which of these methods would be most effective under all
possible conditions. Nevertheless, the ablation cooling method con-
tains the above-mentioned effects of (2) and (3), and there is no
doubt that it still remains one of the most promising heat-protection
modes as long as one ignores the actual, economical problems such
as repairs of the eroded surface of the object. It should be noted

that this method has a rather high cooling effect.

This method was based on the idea of protecting at all costs the
most important parts of the craft, while allowing, or rather posi-
tively encouraging, the melting of the surface substances of the
craft by means of external heat. Research concerning this was per-
formed at the early stages by Sutton [1] and Roberts [2]. During
the process of ablation, generally speaking, a liquid phase boundary
layer and a gaseous phase boundary layer are formed on the surface
of the object. That is, the solid phase surface of the object melts
producing a liquid-phase boundary layer, over which a gaseous bound-
ary layer is formed consisting of a mixture of the evaporated gas
and the external gas. The thermal energy in the high-temperature
air currents is transmitted to the surface of the object through
these boundary layers. Part of it is absorbed into the latent heat
of evaporation and the latent heat of melting, while the remainder
is absorbed in the form of the thermal capacity of the structural

materials.



The substances chiefly used as the surface materials are high
‘polymer plastics, graphite, etc. Other materials are also known

in which protection from heat is attained by bringing about a chemi-
cal reaction on the surface or by creating a char layer inside the

object [3: u: 5, 63 7].

If the object itself 1is subjebted to sublimation, the surface
substance will change directly from a solid into a gas. Therefore,
there will be only a gaseous boundary layer on the surface of the
object. Nevertheless, this does not interfere essentially with the
validity of the analytical method, which is based on a two-phase
boundary layer including also a liquid boundary layer. Thus, this
paper will deal with sublimating ablation and will clarify its

mechanism.

The writer and his colleagues already on a previous occasion
used the micro-disturbance theory to analyze sublimating ablation of
hemispherical objects, using Teflon materials [5]. The results
showed that the calculated values differed considerably from the
test values when there was a relatively low stagnation point tem-
perature. It would be significant to resort to an electronic com-
puter and use a unified method of obtaining a direct, numerical
solution, not only in order to check out the results obtained pre-
viously, but also to give the theory a more universal validity. From
this standpoint, the gquestions dealt with in this report may be sum-

marized in terms of the following three points:

(1) Essentially, the ablation phenomenon ought to be determined
by the process of chemical reactions of the surface substances in
combination with the aerodynamic heat transfer process in the circum-
ference of the object. Thus, if the conditions inside the substance
and the conditions of the main current are given, the physical vari-

ables on the surface of the substance, particularly the ablatien——— E

speed, the surface temperature, and the heat transfer coefficient,

will be determined categorically.



(2) The flow becomes dissimilar downstream from the stagnation
point of axially symmetrical objects. The physical variables in
the flowwise direction are sought by applying the Hartree-Womersley
method, proposed by Hartree and Womersley [8] and further developed
by Smith et al. [9] for the dissimilar terms in the boundary layer
equation describing this area. The purpose of this method (here-
after abbreviated §§J the H-W method) is to reduce a parabolic partial
differential equation to a corresponding ordinary one by means of a
kind of implicit scheme.|

The least square error method is applied to the two-point bound-
ary value problem of the ordinary differential equation obtained by
the H-W method as described above, and a general solution is proposed.
A simplified version of this method has been used the Nachtheim and
Swigert [10] in cases when there are as many as two unknown boundary
conditions. However, in the present case, seven departure values
are necessary to carry out numerical integration of the ordinary
differential equation. Of these, only one is given explicitly, and
the other six are unknown. These six departure values (unknown
boundary conditions) are related by three E@ﬁgf}éiﬁf conditions.

The remaining necessary number of boundary conditions are given at

the ihternal edge/of the boundary layer. Two methods are used in
problems of this type: the initial value method, and the quasi-
linearization method. In the initial value method [11], the departure
values (unknown boundary conditions) are suitably assumed, the
numerical values are integrated, and iterative calculations are con-
tinued until the conditions of the externalgaéﬁ]of the boundary

layer are satisfied. In the quasi-linearization method [12], the
original equation is linearized, and a non-homogeneous solutioﬁ.——
consisting of a lower-order approximate solutioh — is sought. Both
methods give good results when the number of departure values (unknown
boundary conditions) to be assumed is small, but there is a tremen-

dous increase in the difficulty when the number becomes larger.—-Fur- |

thermore, the presence of constraint| conditions on the wall also

complicates the problem.



The method used here is a further development of the initial
value method. No matter how the number of unknowns or the number
of restraining conditions are increased, the method can be applied
in principle as long as there is agreement with the fundamental
equation. It is also believed that the method can be applied to
other problems as well, as long as they are boundary layer type
problems (with asymptotic behavior at the upper limits of the domain).

Let us assume a semi-stationary ablation, in which the surface
sweepback velocity, and thence the ablation velocity, is almost un-
éffected by the time. (For a detailed discussion, refer to [5].)

The thermal properties and physical quantities of most ablation sub-
stances are not clear [7]. Teflon (polytetrafluoroethylene) is one
of those substances which are subject to sublimating ablation (it

has been observed experimentally that there is probably a melting
process, but since the temperature range of this process is extremely
small], it is assumed that there is only a sublimation process) and
for which the physical quantities have been clarified. Thus, Teflon

is used as the model in these calculations.

In the method described here, as long as the state of the main
current and the state inside the object are given, it 1s possible
to carry out automatically the above-mentioned processes (1), (2),
and (3), and the ablation physical quantities can be calculated in a
unified manner as far as any point downstream from the stagnation
point of a blunt-headed object. Such methods of direct solution
usually rely on the memory capacity of a computer, but in the H-W
method the upstream solutions are discarded as soon as they are used.
This makes operations less difficult, and this is one of the advan-

tages of the method.
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2. Notation

velocity of sound

Chapman-Runfsin| number

specific heat at constant pressure

specific heat at constant volume

two-component diffusion coefficient

boundary layer thickness

square error in two-point boundary value problems
total enthalpy function

effective ablation heat

concentration function
latent heat of sublimation
molecular weight

Mach number of main stream|

ablation velocity

Prandtl number

pressure

heat transfer rate

gas constant

radius of curvature of object
Reynolds number

radius of curvature of cylinder

Schmidt number

transformed coordinate system

temperature

time

velocity components in spatially fixed system of coordinates
velocity components in system of coordinates fixed to object

surface sweepback velocity due to ablation

spatially fixed systém of coordinates
system of coordinates fixed to object

boundary conditions

transformed concentration function



specific heat ratio of air

error in two-point boundary value problem
criterion of square error

heat transfer coefficient

cooling effect due to ablation
coefficient of viscosity |

density

transformed Stream function|

stream function]

€ D e v T = A M o <

transformed enthalpy function

Suffixes:

state with ablation
state inside the object

state at external edgelof boundary layer

m © T ®

state of the gas phase

n: nth state

no: state'with no ablation

s: state of solid phase

sh: state immediately after shock waves
state at stagnation point of main stream
state on wall of object
state at stagnation point of object
state of ablation gas

N o o 5 o

state of external air
state of main stream|
( )': differential

( ) : dimensional quantity

8

( ) : quantity for non-dimensionalization

3. Basic Equations —

Let us consider semi-stationary ablation, in which the surface
sweepback|velocity is more or less uniform and does not depend on
the time. It is assumed that all variations caused by ablation are

7



confined within the boundary layer and have)no effects on the exter-
nal current. There are no chemicél reactions inside the boundary
layer, and the boundary layer consists of a two-component mixed gas
(the gas caused by ablation and the external air). The thickness of

the boundary layer is assumed to be sufficiently small in comparison]

with the radius of curvature of the object.

In a flow field such as that shown in Figure 1, the compressible
laminar boundary layer equation for a hemispherical object (Appendix
A) can be written as below after

transformation of the independent

Shock waves|
/Shock wave layer|

| _TdX),0eX
Boundary
layeq

variables by means of the Less-

Dorodnitsyn transformation: ;

! s=f;p¢y¢u.r,2dx, q=p.u.r,(25)-‘}f;-z—'dy ‘ ( 3. ]_) {f’

‘ €y +8{ 2~ @'+ DY +87 (5 +) =R, (3.2) MU *_EL 77': — /b
[ yromiesgo g e

F| +wua {ca- v+ 0} =R, (3.3) (R -

N o B Figure 1. System of coor-

I\ +& G+ =R (3.4) dinates and flow pattern

Here, ( )' is the differential re-
lated to n, and
. . 25 du.
a=1=ChlChnP=" gy (3.5)

C, Pr, and Sc refer to the Chapman-Rubesin number, the Prandtl num-
ber, and the Schmidt number (Appendix B); they are each functions
of ¢, ¥, and z. Here, the values of ¢', ¥, and z are the following

¢'Eu/u.;1, W%H/H.—l, z=K \ (3 .6 )

The stream function § 1s defined a§_£pllpwgﬁ

22 T (3.7)

.a_y_=pur., ™ = — pvr,,

Q= ~’—2_~’—{¢ (s,m)+ v}



Therefore, ¢ is expressed as follows:

=—¢23fpvrodx r;/ (38)

If we use an equation of state for a perfect gas, the following
will apply because of the condition that there are no pressure vari-

ations in the y direction in the boundary layer:

2|

}—%] (3.9)

Due to the equation for the total enthalpy (A.16), the temperature
will be

E e (3.10)
In the basic equations (3.2) - (3.4), the dissimilar terms
Rl’ R2, and R3 on the right side will each be:
zs{(¢ +1\a(qs +1)_¢,,a(¢+v;>}" (3.11)
Rz=2${(¢'+l)a ELD_y? (S;:'i)}'] (3.12)
&=uﬁ¢+0%?—;ﬂ%§ﬁy (3.13)

The dissimilar terms will be expressed by these items and by the
differential term of s. The treatment of this will present one of
the problems. That is, because of the presence of dissimilar terms

Rl’ R2, and RB’ it will be impossible to express the flow field by

means of one similarity| parameter n, and a separate solution must

be sought for each station (that is, for the various values of s).

4. Boundary Conditions

Since the basic equations (3.2) - (3.4) are, respectively,

three-step, two-step, and two-step differential equations with re—

spect to ¢, ¥, and z, altogether seven boundary conditions are neces-

sary. However, only four conditions are explicitly given: the con-

dition that there is no slipping on the wall (uw = 0), and the

[%
!

L

)
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condition that there is connection with the external flow at the

end of the boundary layer (u - U, H -~ He’ z >0 y > ye). When

these are written in transformed form, they are as follows:

7=10 ;;¢'=—‘_L , (u‘l)
p=oo i =0, ¥=0, z=0] (4.2)

However, the following threp 55n$fféiﬁﬂ conditions occur on

account of the physical conditions on the surface of the object where

ablation takes place.

(i) Relationship between wall temperature Tw

. o’
and mass loss Trafte m|

__When an ablation substance is considered, its mass loss .rat e\

M is a characteristic function determined by the wall tempera-

ture Tﬁ and the pressure D. It can be written as follows:

mi=F(Tw, )| . (4.3)

However, various test results and data [13] have shown that in the
low-temperature region the effects of pressure are so small as to
be almost negligible. Rashis and Hopko [14] have obtained this
relationship for Teflon as shown in Figure 2. When this is approxi- /5
mated in a quadratic equation, it becomes:
M= mts= (0w
At BTt AT (h.4)
One can thus obtain an approximate equation to take the place of

equation (4.3).

On the other hand, from the aerodynamic viewpoint, if the state
of the main stream is given, the relationship between the wall tem-

perature T& and the mass loss T can be described bYME?e:..- = ' [,

following equation: : 4

W=G(Tw, @ (4.5)

10



P ' : 50 . ; —
B / :
96. — —
2 0 o R»=0.75cm
|E ° v 340 = -
S50 ;
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E ] ;
=) ) 9
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2.0 201 .
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‘ / . - 1.0F =
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Figure 2. Chemical rela- - 9500 550 600 GS%W(,C;OO 750
tionship between the wall :
temperature and the mass
loss rate for Teflon] Figure 3. Aerodynamic .rela-
[14] 4 tionship between the wall

temperature_gnd thg_ablation
rate for Teflon|

Here, Q is a quantity which is
determined according to the Mach
number of the main Stream/, the state of the stagnation point of the

main éﬁiéﬁﬁh the state of the object, etc. Tﬁ and:@_are'unknowns

in Equation (4.4) and Equation (4.5), and it is anticipated that the
two unknown numbers will be determined uniquely with respect to
various ambient conditlions by converting these two equations into

a simultaneous equation. 1In actual fact, the relationship in Equa-
tion (4.5) was obtained as in Figure 3 according to [5]. By over-
lapping Figure 2 and Figure 3 diagrammatically, it is possible to

obtain the solution with Tﬁ and gﬂat the respective intersection.

In this report, we proceed one step further and attempt to—at=—"
tain a comprehensive solution, in which Equation (4.4) is also in-

cluded as part of the boundary conditions. When Equation (4.4)



. is written in transformed fashion, it assumes the following

appearance: )
_ 9N __ Vs - 1 '
(Pv)w—¢w+2$( ) TR = (—]'_—)j
X{Zr*-ﬁz?:Tw +Za (—T{ Tw)z} l ( [4 * 6 )

(ii) Mass equilibrium on the surface of
the object

K.

iw? the concentration of the various component gases on the

surface of the obJect cannot be de51gnated without relatlon to the

’,wall ve1001ty vw. When vw i1s determined, ki will also be deter—

mined. Generally speaking, ?i, the velocity of the ith>gas in the y

. D 0K
direction, 1s the sum of the diffusion velocity'“RT'E#and the con-
vection velocity v. Therefore,

oK = —p DKL+ oK
S T (4.7)
Only the gas components produced by sublimation will be blown gﬂéi
from the surface of the object. Therefore, one can posit the physi-
cal condition that there is no movement of the external air inwards

or outwards along this surface. Under this condition, the ;2w with
respect to the external air (suffix 2) will be 0. If we use the
fact that K2 =1 - K, we obtain the following:

o 'D‘w("T’J_f). +§. Te (1=K ) =0 (4.8)

Equation (4.8) can be rewritten as follows in transformed

fashion:

(&), to=sr2s(P),| (1.9)

<1>A§aconstant stagnation point temperature, if there is an increase
of T  there will be a decline of the temperature gradient inside the

poundary layer. Consequently, the thermal input towards the surface
of the object will decline, and there will be a smaller ablation
veloclty.

12
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(iii) Energy equilibrium on the surface
of the object

On the surface of the object where ablation is takiﬁg place,
_aT .
part of the heat quantity (KGZEthich is about to be transferred
through the boundary layer to the object will be absorbed by the
latent heat of ablation, and the remainder of it will be transferred
inside the object. Thus, if we take into account the conduction of
heat in the x direction inside the object, the energy equilibrium on

the surface of the object can be written as follows:

L) —rgw w50
4(%§fﬂ }% (4.10)

The second item on the right side is obtained as the solution of the

heat conduction equation for the interior of the object:

AN S ey
"'(ai? +557) =m Cnop =mCny (4.11)
Nevertheless, since Equation (L4.11) is an elliptic partial differen- /6

tial equation, it would be impossible to combine it in a simultaneous
equation with a parabolic boundary- layer equation and apply the H-W
method. Furthermore, with the range of stagnation polnt temperatures
being handled here, heat diffusion in the x direction 1s negligible
in comparison with that in the y direction [5]. Therefore, Equation

(4.11) can be written as follows:

_K‘ba”"z=m ”—5‘; ) (u.l2)
Here, M = - p, v, = (p v)

Let us solve Equation (4.12) under the following boundary

conditions:
- 7=0: T=T., ————
y==y:T=T, } (4.13) .
In dimensionless form, the following solution will be obtained:

T=qem(%;y)+# (4.14)

13



Here,

cr=(To= T/ exp(— .) i
VCZ‘—:‘T.‘u—Ch T (u ,15)!
P ' apzzu -U-* Eb N (P”)wcﬁb

Kz v R. L]

Therefore, the following will apply:

_,31‘_) __P To—To
N3y /nw R exp(——i—y.)—l.

(4.16)

)" '—p.p.u.r. ( )

By substituting Equation (4.16) in Equation (4.11), we will obtain

the following equation for energy equilibrium in transformed fashion:

yryo— 0Ze Fut 1) (1—a2~)(1—lvl;u.2)¢2s s

o l—azs parattersls N
{ 1; ch l+xM/E..+E,.} ,

Here, |
| = —-I-J—- __k_z_";__ 2
Eiww= { R exﬁ(—__’;y,)_l} , (L; .18)
Ezu= { ‘/lze p.p.u.r.z( ) } . .
1=—1:/6,2_T,

The wall temperatures Tw appearing in the various equations can

be expressed as follows, in accordancé with Equation (3.10):

To=(¥o+1)/(1—aza)] (4.19)

They are related to WW and Zey

5. Calculafing Methods

5.1. Hartree-Womersley Method
The H-W method, which was described in the Introduction, trans-
forms into the difference system the dissimilar items Rl’ R2 and R3. -

on the right side of the basic equation, which is a parabolic partial
differential equation, as well as the differential termq having the

14



form of 3F/ds which are contained in the boundary conditions. The

" equation is thus reduced to an implicit ordinary differential equa-

tion. The two-point -differences of equal intervals used here were:
ﬁ§=£%?g/ (5.1)

However, the precision will improve further if three-point differences

with variable intervals are used. Nevertheless, the conveghion velo-

city distribution on the surface is smooth in ablation problems.

Therefore, there 1s no necessity for discussing the difference sys-

tem with reference to the discontinuous convection velocity which

was dealt. with in [15], and it will be sufficient to use two-point

differences.

According to the calculating diagram in Figure 4, the solution

th

for the n point (the suffix n is omitted in order to make the equa-

tions easier to read) will include

the solutions for points upstream u\ n—2 "n—1 n
y S PRE— e
from it. That is, at the nth Soluf\ Solud [Solud
. . tion | |tion | |tion
point, one will use Fn—l’ the known ‘ Fna(%) thg» .
solution for the points upstream, -]
di diff tial V
and the ordinary differential equa- >S5,
4 -
tion for n will be solved in the n O/Zéé?é%&%é{?%%%%%g%%%

direction. The dissimilar terms

. . . Figure 4. Calculation dia-
on the right side of the basic “gram for the H-W method

equation will be written as follows:

Ri= By + 1)@ —¢'n )= (3= 00D}
Re=Z (¢ + DT ~F0 ) =¥ =)} (5.2)

Ry=2{(¢/+ D=2) =2 $—40) }

As mentioned above, Y are known solutions.

1]
¢n—l’ ¢ n-1°> ‘n-1° %n-1 -
The stagnation point of a blunt object becomes the point|',

of departure for calculations, and there are no solutions for points
upstream from it. However, with respect to the finite difference
amplitude at this point, As, it can be stated that 2s/As = 0, and
therefore one can obtain a solution corresponding to cases where

R1 = Rp = R3 = 0 (similar solution).

15
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5.2. Two-Point Boundary Value Problem

The ordinary differential equation obtained above does not have
the necessary number of boundary conditions on the wall, and it
therefore becomes |a two-point boundary value problem of the type

described in the Introduction.

Let us posit the following in order to give the problem a uni-

versal validity.

"In a boundary layer type ordinary differential equation with
n steps (asymptotic behavior), m (m < n) boundary conditions are
given at the .lower limit of the domain, and (n - m) of the conditions
are unknown. These (n - m) unknown boundary conditions are linked
by means of I (I < n - m) constraint| conditions. At the upper limit
of the domain, (n - m - 1) boundary conditions are given. We seek

a solution satisfying these conditions."

Let us express the boundary conditions in terms of Xi (j = 1,
2, ..., n). First of all, the conditions which are explicitly given
are Xl’ Xos oons X, (their number is m). In the initial value method,

(n - m - 1) boundary conditions, excluding this and the 1 consgzainﬂ}
conditions, must be supposed as the departure values for numerical
integration. These boundary conditions which are to be supposed as

expressed as X ;5 X o5 «-o- X 4 [their number ig (n - m - 2)]. If

these (n -= m - 1) conditions are supposed, the remaining 7 conditions

will be determined from the constraint conditions, and therefore the
solution insi@e the domain will be governed by the independently

assumed| X X X . If the solution is expressed as 3.,

m+l’ "m+2’ *°°°° “n-l J

it can be written as follows:

S; =S; (Xmity Xmrz, ooy Xomt) _ (5.3) =

(]'=1' 2' ...... s ”)

16
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In the present problem, n = 7, m = 1, and 7 = 3; the conditions

which are given explicitly are:

X1=¢'_~=—1‘ (5.)4)

and the conditions which are to be assumed] are

Xo=¢"e, Xo=Vo, X‘7=z,,‘ (5.5)

The conditions which are determined via the'gonstraiﬁglcondi-

tions are:

Xempo=Xs(Xz, Xs, X)=(4+6)R
Xe=Zu=Xe(X;, X; X)=(4°9)R (5.6)1
X7_=_’F'.=X7(Xz, ‘X;;,- X4)=(4 '17)-'?-t

The solutions inside the boundary layer are:

Si=¢ =8 (Xz, X3 X4
So=¢'=8; (X2, X3, X4)
Sy=¢"=5;(Xz, X3 X4)
S=V =5 (X3, X3 X&)
Sy=V¥"'=Ss (X2, Xa, Xi) (5.7)
Se=z =S (X2, X5 Xi) Coe
CS=2=51(Xa, Xa, X4)

" AS was mentioned before, the number of conditions necessary at the
end of the boundary layer is (n - m - 7). In the present case, this
number would be 3. They are given by equation (4.2). However, as
was mentioned in the Introduction, in these boundary layer type
equations, all the physical quantities have’ an asymptotic behavior
at n - . Therefore, the following also ought to apply supple-

mentarily:

o '

p=oo; ¢=0, ¥'=0, 2'=0] (5.8)

If the conditions in Equation (5.8) are not present, there may be
solutions in which fa certain quantity will overshoot along the way

(Figure 5), so that the solution is no longer ag_asymptotié one.

In order to avoid this p@gnqmqupihthfﬂsupplementary conditions|. . “ 77"

in Equation (5.8) become necessary as full conditions.

17



Let us use suffixes I and II
to indicate the first approxima-

tion and second approximation of

solutions at the external edge oﬂ

the boundary layer (the upper

limit of the domain) by iterative

“calculations. {In this case, the

modified quantities of the de-
parture values (the supposed un-
known boundary conditions and the
boundary Qgﬁd}pions determined by
the bonstrainq conditions) and
the modified gquantities of the

solutions will be:

i S G

0 7
Figure 5. Explanation of
solutions with overshoot

in the centeﬂ

AXi=(XOu —(X)1, (=2, 3, 4) (5.9)
AS;=(S s —(S5)1,(5 =23, T) (5.10)
Furthermore, according to thelz@riational pfincipleﬂ
‘ ot - .
DS; . . .. o
‘AS, =.-"=2D——XiAX1.(]=2, 3, reeee , 7) (5-11)
Here, the operator ﬁ%— is defined as follows:
. i
7
D_ @ i
‘DXi X axtiﬁi (5.12)
According to Equation (5.10) and Equation (5.11),
. . T
(Sou =S+ [ pgaXon (5=2, 3, =, D) (5.13)
=2

Since Equation (4.2) and Equation (5.8) are the desirable conditions

at the external.gdgeof the boundary layer of (Sj)

1> if 6j is the

error between (Sj)II and them, it will be:

4
DS;

=% =5 + DX

- . . in2

AXe (=2, 3, v ,7#

! (5.18)

The suffix II was omit'ted here in order to give universality to the

approximations. It is clear that the necessary and sufficient condi-

tion for convergence of the solution 1s to give Sj a value of 0.

For this purpose, let us take a square error of

18



1
E= Zé/z
i=2

(5.15)

and assume that the convergent solution will be when this assumes a

value of O.

In actual practice, let us take a small positive number

and adopt the following as the criterion for convergence:

Exe

(5.16)

The conditions for the least square error are obtained from

the following:

In the present problem,

Here

The following

equation:

'a‘(—ff‘z)ﬁ):(’ (=2 3 4)'

oE
d (AXz)

i=2

4
oE =
m—‘o; U} 931+2631AX1— 0.

=2

JoE

Taxy 05 P Bu+) BubXi=0,

i=2

=>i<£§:><£~;;>.

i=2

T8

(i= 2 3, 4 k_=2, 3 O

is obtained from the above

4
=0% D 621+Zezmx¢=.o ,

(5.17)

(5.18)

(5.19)

[P

simultaneous
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6 OGn 6Oy
AXp= — | O3 633 O /DEM R
6u 64 64

Gz 6z Oy
AXy= — | O3z 63 63 | /DEM |
B2 Oy Oy
622 623 On : (5.20)

AX¢= — | B3z B33 063 /DEM ,'
62 6u 6
611 613 6y
DEM = 62 B2 6
631 632 6y

In one trial, a modifier term of AXi is added to Xi,vgiving Xi + AXi,

and we move on to the next trial.

However, in order to obtain AXi in the manner of Equation (5.20),

it 1is necessafy to find, by some method or other, the value in Equa-
tion (5.19) taking the form of DSj/DXi. This is necessary at all the

stations in the boundary layer. Differentiating the basic equation
by Xi (i =2, 3, ..., 7T), we obtain the disturbance differential

equation:
F] (c Il)l
LU | gy oL D+ IS4
. 3¢ _ R
MR TTX 1 (5.21)
c ,w
aXK w)+ "¢y +022
a (C(Sc— Pr)
+axd— P °T¢ }
+ wual-{c (1———)¢"(¢ +p) =28
c _3p__oR (5.22)
’ o1ty
x5t )+, (¢+’7)+’ X aX¢ - (5.23)
§ (1_2’ 3’ ...... , 7) l
Solving this equation under the following boundary conditions:
n= 0,—'3&—1 =5
=0 (f%J)
- (i, §=2, 3, woy D) (5.24) -

let us substitute this solution, together with the values of ZVBXK/BX:.L

(i =2, 3, 4, x =5, 6, 7) (known on account of the éonstrainﬂ

20



conditions between the boundary conditions), in Equation (5.12), the

defining equation of Bg—u The Sj in Equation (5.24) is a function

determined as in Equation (5.7). All of the boundary conditions
(departure values) for the disturbance differential equation obtained
here. are given as in Equation (5.24). The solution is obtained by
making a simultaneous equation of the total of 21 differential equa-
tions, including the 3(n - m) disturbance differential equations
(there are 18 of them in the present problem) and the three original
equations. The square error is calculated at each of the calculating
points (at each of the scale intervals of the numerical integration
in the n direction). Nachtheim and Swigert [10] established in ad-

vance a suitable n
sto

gated the effects of its value on the solution. In this report, we

o (point for stopping calculations) and investi-

posit the following criterion:
1S ()] < (wj = constant) (5.25)

Solutions departing from these conditions are regarded as divergent
solutions, and the calculations are stopped at that point. This

point is called n = n Then we proceed to the next trial. The

stop’
end point of the calculating region given in advance 1s also called
n = nstop' In this way, the convergent solution is one which matches
the conditions of Equation (5.16) while also fulfilling the condi-

tions of Equation (5.25). Thus, the n = Ng satisfying the conditions

of Equation (5.16) will correspond to the external edge|of the bound-
ary layer, and it 1is possible to find also the thickness of the

boundary layer, which was one of the unknown numbers.

The flow chart for the calculations is as shown in Figure 6.
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z=0( 3|

R1=R2=R3= 0 T
r=x+4x(.11]")
s=s+ds

i
= 12

r5J' X=X+ 4X; o
{ (i=2,3,4) ’ 1

7=10
‘ N

7=7n+dy 4X:(i=2,3,4) n=7e
] S1b)
(Rung;e-'Kut.ta-Gill)

Figure 6. Flow chart for the H-W method and the method of solution
for two point boundary value problems

1 — beginning; 2 — read in conditions of main ‘stream| and inside the
object; 3 — stagnation point; 4 — assume initial values of X, X;,
X¥y3 5 — Xs, Xs, and X7 are determined from jconstraint conditions;

6 — original differential equation and disturbance differential equa-
tion are solved as a simultaneous equation; 7 — E is calculated; 8 —.
E is written out; 9 — end; 10 — does the solution converge?; 11 —
(downstream region); 12 — obtained solution is included in R,, Rz, Rs;
13 — solution is written out; 14 — AXy (i = 2, 3, 4) is calculated.|
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6. Numerical Calculation Results and

Considerations of Them

The Teflon (polytetrafluoroethylene) used in the numerical cal-
culations is a fluoride polymer, but it decomposes into a monomer
upon pyrolysis. According to Madorsky [16], more than 90% of 1t is /10
C2F4. Therefore, let us here regard C2FM as the ablation gas and o

assume that the boundary layer consists of a two-component mixed gas
(air and CzFu_gas). The physical values of these substances are as

follows.:
C2F4 gas: M 100
6171:0. 32 cal. gr1, .°K-1
71=5.00A [ |
) 01(2,2);-0' 90 |
(See Appendix B)

Air: My=29
Cs2=0. 28 cal » gr1 .+ °K-t
2=3.62A
2,(.0=0.76

(See Appendix B)

Solid) Teflon: g&p= 22 cal - grt. °K-1
pr=2.19 gr+cm-3
¥s=6. 00X 10-¥cal.cm-1ssec-1, °K-1
L =35kcal « mol-? '

The following are assumed as the conditions of the main stream :

Moo=5,74, T,=800°C~1500°C, 7»=20°C,
P+=0.5atm~2atm, RB,=0, 75cm~3. 00cm

In Figures 7(a) and 7(b) is shown the state of convergence of
the departure values of a two-point boundary value problem when—the-——-
calculations were performed according to the method described in the
preceding chapter. The calculations were carried out on the HITAC-

5020 computer at the National Aerospace Laboratory. Figure 7(a):

shows the state of convergence between ¢"W, Y Z g2 the values /11

w)
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Figure 7. State of convergence of Figure 7. State of converg-
solution: ence of solution:
(a) convergence of initial value: (b) velocity profile,
x=0, Tr=1000°C, Ro=1.00cm, p,=latm. { x=0, T=1000°C, Ri=1.00cm, f=latm.

assigned at random at the beginning (number of trials = 0), and

¢ W'w, z'w, determined according to them. The square error E in

each trial is also shown here. The square error was calculated at

n o= ng- As for the divergent solutions departing from the criteria

of Equation (5.25), they are those at the maximum n position (ﬁg%ag
as long as the conditions of Equation (5.25) are satisfied. The
following were adopted as the conditions of Equation (5.25):
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we = 1.5 (for ¢')
ws = 1.0  (for ¢")
wy = 0.5 (for V) (6.1)
ws = 2.0 (for ¥')
we = 0.5 (for z)
2.0 (for z!

wz =

The state of convergence of the velocity profile is shown 1in
Figure T7(b).

When a small positive number e is determined, as in Equation
(5.16), it becomes a parameter for determining the boundary layer
thickness d. Therefore, attention is focused on how its value 1s
selected. The error will be 0.01 if the external end of the boundary
layer is the point where the physical quantities in the boundary layer
amount to 99% of the main lstream . Therefore, a value of E<0.012X6=0.0006]

4

‘is desirablé. Thus, a value of € = 107 ' will be quite sufficient.

In actual fact, according to the calculation results, the relation-

Shlp between ¢ and d (normalized at d when € = _4) will be ae'shewn

in Figure 8. It is only natural that if a large value ofk is adoptedﬂth4

boundary layer will be evaluated with a reduced thickness. Even if

M

' the value is less than € = 107 ', it is known that there will be a
considerable reduction. In view of the above considerations,FEé“ﬂwﬂ

was used as the criterion for convergence.

The next question which arises is whether a.uniform value can be

obtained regardless of the departure values (the uniqueness of the

~N
=
no

solution determined by the initial values). The departure values

were varied (¢" = 0.0, 0.25, 0.50, 0.75, 1.005 T = 0.7, 0.9 z =

0.01, 0.21, 0.41) in order to study the numerical uniqueness. As a
result of these calculations, it was confirmed that in all cases
‘there was a convergence to a uniform solution. Typical examples of Q
this are shown in Figure 9. Uniform solutions are obtained even

2

though the number of trials differs. It is possible to select these

o

departure values at random, but if the values are selected 1in the
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Figure 8. Effects of the convergence criterion
on the boundary layer thickness

x=0, Ti=1000°C, Ry=1.00cm, fi=latm.|

vicinity of the anticipated values, naturally this will contribute

to speeding up the calculations.

The calculations performed here were for cases when there were

three unknown boundary conditions (departure values) and three

cggéyféiggconditions. However, it is known that this method is valid
when a similar method is applied in cases with one or two departure
values [15] (the work is much easier, since there are no constraint|
conditions). Therefore, the general argument in §5.2 is belleved to
apply also in cases when there are four or more unknown boundary con-
ditions. (The task of numerical confirmation is left for future

study.)

As was mentioned in §5.2, it is desirable to consider the sup-

plementary condition equation (5.8), as this will give more perfect

results as the necessary and sufficient conditions. However, even if

this is omitted, there ought not to be any deficiencies as far as the
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- necessary conditions are
concerned. Assuming that
" the former is Case 1, and ‘
the latter is Case 2, " io — e e e 0.40
calculations were per- h
formed under the follow- $nTw |

ing conditions: T£ = !

= 1.00 cm,

Zw

1273° K, Ry

5t = 1.0 atm, and the de-

08
-1 0.30

parture values of ¢"w =
0.0, Z, = 0.01, TW = 0.90. ;

When both cases were com- - 0.20

pared, the results shown

in Table 1 (convergence 04 F ‘Departure values|

{ O ¢$%=0.00

values of the departure

A Tw=0.70

values) were obtained. - B 0 zw=0.01

There were no very great 1010

differences and, as was C 02 - A Tw=0.90

Q ¢w=0.75
B zw=0.41

only natural, the calcu- '
lating time was less 1in
Case 2. The lack of dif- !

ferences in the converg- .0

1 1 0

ence values 1is based on ‘ 0 1 2 3 4 5 6 ‘
the nature of the solu- No. of trials]
tion, as described in Figure 9. Uniqueness of the initial
§5.2. That is, there are Valueg

no overshoot solutions #=0, Meo=5.74, T;=1513°K, Ri=0.75cm, p,=latm|

(Figure 5), and all the

physical quantities have an asymptotic tendency moving towards 0.

~
-
W

A1l the calculations below were performed according to Case 1, taking

into consideration the necessary and sufficient conditions.

A profile of the various physical quantities inside the boundary

layer obtained in this manner is shown in Figure 10. If ¢w and TW
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TABLE 1. COMPARISON OF CALCULATION RESULTS
BY DIFFERENCES IN THE BOUNDARY CONDITIONS
AT THE EXTERNAL EDGE OF THE BOUNDARY LAYER

[Case 1:
tions of Equation (5.8).

Including the supplementary condi-
Case 2: Not in-

cluding the supplementary conditions of
Equation (5.8)]

Case 1 Case 2
Number of trials ¢ : s

‘ P "’ ' —0.02873 ! —0.02895

Pu’’ 0.79907 f 0. 79922

T. 0,71379 0.71418

Zw 0.05375 0. 05381

z —0.02719 —0. 02749

E ©0.00008 0. 00007
e 3.7 3.7

Calculating time . e R

(using. HITAC 50203“ 132 5€¢| lo4 S€C

are known, it will be possible to obtain the ablation rate é agdy

the surface temperature T from the following:

[¢.(1 2o)-22,, 1]/

Figuresll(a) and (b) show the effects of the stagnation point tempera-
ture on the ablation velocity and the surface temperature,

with the radius of curvature of the object as the parameter.

— =¥ Pﬂ[hutro

m= — P U

v2s

' T';TCT. i

(6.2)

(6.3)

plotted
When a

comparison is made between cases when the thickness of the object

was made infinitely great/(§£§}_6)f——fthat“is,”Whén the object was a

~finite (1/2 of the radius of curvature of the object; yb = 0.5 RbW——

solid hemisphere — and cases when the thickness of the object was

that-is, when the object was a hollow hemisphere with a thickness._._.__

half the object's radius of curvature — it 1s found that in the

latter case the ablation velocity and the surface temperature are

rather low, while the heat transfer rate,

increases on the contrary.
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shown in Figure 11 (4),
This is due to the following fact.
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Since a uniform tempera-

ture Tb was assumed at

y = §b, in the latter 10 0f0 0

'\ ¢
case it is necessary to 1 T ¢ \ 2 ' A 7
maintain a lower tempera- t 1 L
/
ture on the surface of the . 0.9 _\ —0.1-
ablation effect. The

thermal input increases P /

. _ é )
/S \/— . .
o -05F-\to/ : o - 0.10
In order to indicate : ] Tme———

the effects of the object 4 I

thickness, calculations

object and to suppress the L .
i ’ \ /// \M‘.

=)
3]
T
=
!
=)
[\
L

for this reason.

were made of the ablation L A z
velocity at the stagna- “ / 4 0.05
tion point of the object . 0.6 —'/ C —0.4
and the surface heat

transfer rate at Tt =

1000° C. The results are o5 —100220 - — 705§,
shown in Figuresjl2 (a) 0 1 2 3 4 5 , 6
and (b). These results

Figure 10. Profile of the physical
quantities in the boundary layer
object becomes thinner 5=¢'ﬁ=ﬁdﬂc/ﬁ=¢omm,z=mmq

indicate that, when the

at the same thermal input,

there is an increase in

the heat transfer rate because of the necessity to suppress the »
ablation velocity; this results in a deterioration of the ablation.

cooling effect. As the object thickness §b becomes smaller, the

deterioration of the cooling effect proceeds rapidly ahead. Although

there 1s little possibility of using an object which is excessively

thingﬁit is believed that it would be possible to put into actugl use

a hemisphere of ﬁb = 1.00 em. The difference between the surface

heat transfer rate of an object of 55 = 0.25 ﬁb v 0.5 ﬁb and that of
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an object of y, = «» (a solid hemisphere) is only about 6% at most.
b

This is attributable to the good thermal insulation properties of the

ablation substance itself.

Figure 11(c) gives the concentration of the ablation gas on the
object surface, which was calculated at the same time. It is clear
that there is the same tendency as with the ablation velocity.

Figuresll3(a) and (b) show the cooling effect of ablation. First,

Figure 13(a) shows the ratio between the heat quantity q - qd

which is protected by ablation and the heat quantity aho when there—
is no ablation. It is clear that it increases together with the
increase of the stagnation point temperature of the main@EE?EEﬁHﬁ and
that the cooling effect improves at higher temperatures. The faét

that the cooling effect is better in a solid hemisphere than in a

32

4



- hollow one points towards a reasonable result, namely, that a larger
ablation effect gives a better cooling effect. If we define the
cooling effect of ablation as:
o ne =

= (6.4)
the value of this will display results of the same type as those
above, as is clear from the broken lines in Figure 13(b). When cal-
culations are made of the effective heat of ablation, which is often
used as an index of the ablation effect [17],

-~

Hup=—ee (cal gr) _ (6.5)

Mo

this also gives the same results as those for A, as is shown by the

solid lines in Figure 13(b).

The fact that there is a superior cooling effect when there 1is
a bigger radius of curvature can be explained in terms of the follow-
ing circumstanceées. The boundary layer in this case becomes thicker,

and there is a larger heat quantity to be absorbed| inside the

The slight differences from the results reported in the literature

[5] are attributable to the manner of evaluating Equation (4.4). If
Equation (4.4) is further refined, it is thought that this- difference
will become smaller. The uniqueness of the solutions obtained from
this direct solution method is guaranteed also by the fact that there
are no big differences between these solutions.

Ablation is accelerated when there is an increase in the stagna- /19

tion point pressure of the main current. In Equation (6.2), since

v. is in direct proportion to the - % power of Esh [refer to Equa-
tion (A.23)], the following will apply if the other conditions are

uniform: mecpmt*<pal|, Since msed|, in the final analysis the ablation
velocity will be equal to the 1/2 power of the stagnation point-

pressure.
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The first problem arising in numerical calculations by the H-W
method is the effect of Ax, the §§ggJamplitude in the x direction.
This effect is shown in Figure 14. The ablation velocity at various
points (x = 0.20, 0.40, 0.60) was

calculated for three different stép i 11 T I T T
amplitudes: Ax = 0.20, 0.10, and o

| /Mo
0.05. The results were compared ! x =0.20

with the hypothetical ablation velo- |

city at Ax » 0, and it was found

that there was an error of only .
about 0.3% at the most at Ax = 0.05. |
As can be calculated by Equation f
(3.1). When Ax = 0.05, there will “
be the following value for a‘sféb ]
amplitude in the n direction of 08 1 1 ! !

0 005 010 015 020 "025
n = 0.1: ) , . AI‘

09}

v R
‘“KAwkﬂé%?gﬁ ) (6.6)  Figure 14. Effects of step
' amplitude Ax‘'in H-W method

This also fulfills the stability Ti=970°C, E=18mmw
conditions for the difference solu- .
tion of a parabolic partial differential equation and is believed to

be suitable with reference to the numerical treatment. Since s =

% x4 near the stagnation point, it is frue that As = 0.003 even when

Ax = 0.10, and the stability conditions are satisfied when As/(An)2 =

0.3 < %. However, the conditions become unstable downstream from

this. In view of the above results, the calculations were carried
out with Ax = 0.05.

In Figures 15(a), (b), and (c), the ratio between the ablation
rate m|(x) in the flow direction calculated in this way and that at

the stagnation point 1s shown. The test values and the solutions

obtained by the microdisturbance theory derived from [5] are also
shown for the sake of comparison. The present solutions were seen
to have an even better correspondence with the test values. Stable
solutions can be obtained only up/to about x = 0.7, and it is
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impossible to obtain any solutlons i
|
downstream from this point on ac- . L1F -
count of the essential validity of i/
1.0 .

the hypothesis and the accumulation Ihig“ﬁéﬁhgﬂ

\
of numerical errors. The model _ Q 09 L [5]1] ]
used in these calculations is that :
of a solid hemisphere (§£ = ), ﬁ 0.8 |- -
ii
The hypothesis of semi- ﬁ Q7—1h=mw%(%ﬁ .
stationary ablation which was used ” 06 _
bR T ]

in developing the theory holds that y oTest value [5]]

either the amounts of the varia- 05 L ! ) ,

/0 02 04 06 08 10 L2
I x -

. tions do not depend on the time or

I+
“r

that thé—timeZerendence is ex-

Figure 15(c). Variation of] .
of ablation velocity v

city may justifiably be considered m)Ma;i7m‘f=ﬁhf5fﬁ;L1§m;

a function of x solely. As is ' Bi=latm, sx=(.05.

tremely small. The ablation velo-



shown in Figure 16, it has been observed in experiments [18] that,
after the elapse of a definite time, the relationship between the
surface sweepback distance ¥|and the time t becomes more or less

linear, and that ;“{%- is either unrelated to the time or has only
an extremely small dependence.(g)
ablation [J19], the following would apply:

In the case of a perfectly steady

m(x) = r—;z_._co'f) (-%,—;)\ . (6.7)

The values are shown graphically for various different cases. The
slight differences are due, it is believed, to the dependence on
time. Within the range of lower stagnation point  temperatures in

the main EE?EEhJ, the thermal input itself is found to be low in the
experiments, while there is little heating at all points except those

in the vicinity of the stagnation point in the object itself. There-

fore, the distribution of the surface_ﬁﬂqggpgggjvelocity becomes
smaller as one moves downstream from the stagnation point, and it
becomes more and more difficult for the semi-stationary hypothesis

to remain wvalid.

To sum up the results of the calculations, the ablation velo-
city at x = 0.6 can be expressed as in Figure 17 with the radius of
curvature of the object as the parameter. The distribution in the
x direction of the heat transfer rate and the surface temperature

are also calculated in a similar manner.

The question at issue here is the conduction of heat in the x
direction inside the object. Within the range of main current stag-
! natibn point temperatures handled here, this has a value which is
negligibly small in comparison with that in the y direction [5], but

within the higher temperature ranges it becomes doubtful whether

this is valid or not.. Popper, Toong, and Sutton [20] have recognized

(2)The fact that Tﬂincreases in the negative direction at first
in Figure 16 indicates that there 1s elongation due to the thermal
expansion of the model.
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Figure 16. Measured values of
surface sweepback distance for Figure 17. Ablation velocity
Teflon [18] at x = 0.6
Mw=5.74, Bi=1atm T,=1200°C, Ri=12lcm.| Me=5.74, B=latm| .

the results obtained with the microdisturbance theory of the writer
and colleagues within the low temperature range and have obtained

good results with tests at higher temperatures using beryllium and
graphite as the materials. Their tests included the three-dimensional

heat conduction effect.

7. Conclusion

The direct solution method for sublimating ablation is one of
the most effective methods of thermal protection for objects re-
entering the atmosphere at hypersonic speeds. This method was

studied in a unified manner from the following three standpoints.

(1) Essentially, the ablation phenomenon ought to be deter-
mined by a combination of the chemical reaction process of the sur-

face substance and the aerodynamic heat transfer process in the
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circumference of the object. The numerical findings obtained here
indicate that, if the conditions inside the object and the conditions
of the main éﬁfgéﬁ are given, it will be possible to solve the
boundary. layer equation by adopting the chemical properties of the
surface substance as the boundary conditions on the surface of the
object and also by using the heat conduction inside the object as

the boundary conditions in the form of the energy balance on the
surface of the object. By solving the equation in this manner, it
is possible to obtain categorically the physical quantities such as.

the ablation velocity or the surface temperature.

(2) The Hartree-Womersley method was applied. In this method,
the differential term of one variable in a parabolic partial differ-
ential equation is replaced by a difference term, and the equation
is reduced to an ordinary differential equation. The solution for
points up to x = 0.7 downstream from the stagnation point was ob-
tained as in (1) above. Since the distribution of the ablation velo-
city in the x direction is smooth, the stability conditions are not

very rigid when the differences are taken. D e

(3) Since the number of boundary conditions on the wall does
not satisfy the necessary number requirements, the ordinary differen-
tial equation obtained in (2) will be a two point boundary value
problem. One of the boundary conditions on the wall is known. Three
of the remalning six are completely independent, and the other three
are related in terms of EEEEE;QEBQ conditions. The presence of .
Eaﬁgffgiﬁﬂconditions makes the-problem more difficult. In this re-
port, the conventional initial value method was further developed,
and a least square error method was proposed at the gaéglof the
poundary layer. It was found numericallyithat this méthod can be
applied generally without regard for the number of unknown boundary
conditions or the number of ESEEEEEEEH" conditions. The problem of
sublimating ablation was taken as an example to prove this. —_—

Calculations were performed by the above-described method,

using Teflon as the ablation substance. The calculation conditions
were the following: main jstreamj Mach number 5.74, main streaﬂ
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stagnation point temperature 800° C - 1500° C, main éffééh] stagna-
tion point pressure 0.5 atm = 2.0 atm, radius of curvature of the
object 0.75 - 3.00 cm, and temperature inside the object of 20° C.

The following conclusions were reached from the calculation resultsj

(1) Within the range of the.calculations performed here, the
heat protection effect of ablation improves as the main?&%féam{
stagnation point temperature increases. This indicates the advan-

tages of the ablation cooling method.

(i1) When there is a greater radius of curvature of the object,
the heat protection effect increases because the boundary layer be-

comes thicker.

(iii) The heat protection effect is better in solid models
than 1in hollow.models. However, thanks to the good thermal insula-
tion properties of the ablation substance itself, the difference is
not large, and there are possibilities that even substances with
thin walls amounting to about 25% of the radius of curvature can.-..

be put into actual use.

(iv) As for the ablation velocity distribution downstream in
the flow direction, there is a rather good coincidence when the main
stream| stagnation point temperature is above 1000° C, in comparison
with the solutions obtained by the microdisturbance theory and with
the test values. This indicates that this method can be applied
effectively to problems of this type.

It is expected that even better results could be attained if
the two-dimensional effect of heat conduction inside the object were
taken into consideration. However, in this case it would be neces-
sary to use some method other than the H-W method, and the analysis
“at higher temperature ranges will .be a task to be solﬁédﬁiﬁ fﬁg-dl_ﬁ-

future.
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With reference to the solutions of the two point boundary value
problems, the author wishes to express his heartfelt gratitude to
director Horikawa and specialist Watanabe of the Measuring Department
for enabling the author to study the behavior of the solutions by

means of an analog computer.

APPENDIX A

Boundary Layer Equations

The following is the boundary layer equation written in terms
of the system of coordinates (X, Y) fixed in space for the flow pat-

tern illustrated in Figure 1.

Mass conservation:

‘a (pfa)+a (pro) +a (PVfa) = \ ( A. l )
ot X oY .

Momentum conservation:

"yl AT 1/]
4 at +pU __.+ pV~—a—%\
—aU
_.______+___
X . ( (A.2)
U
R oY, (A.3)
Energy conservation:
e —aH+pU—-——-+ VO _op
Pt X oY ol
d (u oH . 1\1 802
<+ _ll__.—-__ —_—— )
ay{Pray+’(1 3)23?} (A1)
] -
——7K—~Ouualcmr?{
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Diffusion:

- K . -5 3K oK
9K | Tp 2K Ty 28
etV ox Y
o (—= K
=9 (7D2K
at(”, % | (A.5)

Here, the quantities which have no suffixes 1, 2 are the mean quan-

tities of a two-component mixed gas.
Cr=CnK+Cp(1-K) (A.6)
The concentration is supposed to be Kl = K. Since K1 + K2 = 1, 1t

is true that K2 = 1 - K. Therefore, the analyses given below have

been given a unified concentration of K.

Since sweepback occurs on the surface of the object at a velo-

city of Vb, we can use the following transformation to cocrdinates

(x, y) fixed on the surface of the object:
=i i= X, 5=Y-0,() T, }\ (A.7)
If we use the semi-stationary hypothesis, we obtain:

;L=_iii=;6pi;\ (A.8)
at day Qt ay
By means of these, it is possible to transform Equations (A.1)

through (A.5) into a simultaneous equation at the system of coordi-
nates (x, y). Furthermore, we can use the non-dimensionalized
quantities expressed by:

23[Ry, y=3I5%, ro=r./R,

u=u/u*, v=0/v* o=p/pm,

T=T/T, H=H/CxT:, p=b/puus, (A.9)

D=D/(un/pn), k=k/k2, p=p/ps

The - following non-dimensional simultaneous partial differential

equation can thus be obtained:
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3 (pur.) a(pvr,)

oz Ty 0 (A.10)
ou
oyt o= (W (A.11)
9p __N_
VR PWO (A.12)

+p ay ( Pr ay

+Wa—y{"(l——p17 355

(A.13)

pugi{‘f‘f’ "af ay(,, (A.14)
# =oRT, (A.15)

H=C,T+ % Wi, (A.16)

Let us assume that the shock wave layer is:ineljastic and has a
constant.densify. ) Since it is assumed that the velocity component
on the surface of the object which 1is obtained from the inelastic
hypersonic flow theory (Hayes and Probstein [21]}Mill be equal to u

the velocity component at the end of the boundary layer,
ine | (A:.'17)
"Here,
"W{ ‘=’/“+‘/%—r"”\ (A.18)
Let us suppose that .
A S (A.19)
In this case,
uﬁﬂmésmuﬂ (A.20)
Furthermore, since
H,=Cp.To+ § Wust | (A.21)

under conditions where He’=.1,
Teo==7 '~ (1 '}W“tz) Tn(I)\ (A . 22)

and the conditions at the boundary layer end will be given.
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It is sufficient for the quantities to be non-dimensionalized

as follows:

7= Gon Bofpui®) . 5%= 3% /Ry \

(A.23)

in order for the original boundary layer equation to be non-dimen-

Sional and to assume the validity of Equations (A.10) - (A.14):

Using the state of the mean Ef}ééﬁL, let us rewrite the right side

of ¥* in the following manner:

1 Mooz— - % —L; Mooz “.‘_-p )
ety el oo
B/

1. {Z’M“’—(7—1)}%{(7—1)M°o=+2}* R
v°R, (T+1?M1’t {8!‘/3(14'2)2}%

o

Furthermore,

| gre, W=dY/CpT, = {\/g/(m)}'

XM mzafz/ébz 7‘!

In this case, we can use &=rRT,Cp/Cu=1, Cp—Cn,=R| to rewrite it as

follows:

W={~/——8T—r—'-/(l+z)}z M2 (r—1) '/'(1+7;2‘_1sz)\

1
11
3

(A.24)

(A.25)

(A.26)

(A.27)
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APPENDIX B

Let us suppose that the first approximation of the Chapman-
Enskog theory [22] applies to the two-component mixed gases which
are being considered here. Let us then apply the Lennard-Jones (6,

12) potential to the inter-particle forces.

(1) Coefficient of viscosity
;=;‘1/(1+ ze—%‘i‘—'l_]_{K ) + 7‘2/(1 + sz%:l__KK).\ (B.1)
Here,
Grz= l-i-(‘“1 /\/—_(l+

G ={ 1+( /\/8(1+M2 (B.2)

Wy and ﬁé'éﬁ@,tﬁé coefficients of viscosity of the component gases,

expreSsed in the following terms:
1i=266. 93X 10"‘(M.~T) 1}./5.-2-f?;‘2.>2’(gr-cwm-‘-sec-l): B.3)

This is a relationship which was derived for monoatomic gases, but
it is known that it can be applled also to multiatomic gases as well

[23]. Here, Ei represents the radius of collision (A) and Q4 (2, 2) —

the non-dimensional collision integral. These are quantities which
accompany the Lennard-Jones intermolecular functi@hlilIf we substi-
tute Equation (B.3) in Equation (B.1l) and convert it into non-
dimensional terms, we obtain:
| #/ne=| e /{:64-»(1—‘/70)»2 } »
+a=2) {1+ 6-n 2 (/1) (B.4)

Here, i

(B.5)

G=021v /‘T:‘/“l/l'b ’;=M2/Al|_
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It is assumed that the component gases present in the same space

have the same temperature.

(2) Thermal conduction coefficient
E=5Em/xl+L0%an%gl%ﬁa
rauy [(14+1.065Capf 1og). (B.6)

Here,

C)I

f1+(2) ( Y/ v (1428
=1+( /¢8(1+

El and E2 are the thermal conduction coefficients for the component

gases,

(B.7)

,;,_-llii % e (cal-cm-losec-h"K-l)\

~~ g

(8.8)]

The Eucken factor Eui is a coefficient for approximating the thermal
conduction coefficients of multiatomic gases. It is:
Eméalﬁfﬁﬁuéﬁﬁiﬁ\ (B.9)

When these are converted 1nto€non dlmen31onal terms we obtain:

o/ =L 00 a-00)

+(14z)/{1+('}&¥1) z}](T/T‘)%’ (B.10)

Here,

=%Eu / *2Euz=mp (0. 115K +0. 354M,Cpy) (B.11)
/0. 115R +0.354M:Cpa) }

G=1.065Gx
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(3) Chapman-Rubesin number

~
no
=

|

The Chapman-Rubesin number is defined as

C=sifrn | (B.12)

In view of Equation (3.9) and Equation (B.4), it can be expressed
as follows:

c=[# /{pe +a-ierz}
<o o=z ]] (:13) ]
(5 /i) o

(4) Prandtl number

Ke

P’=‘c;l'—/'¢”=P"aC0 :: £

(B.14)

5 is the Prandtl number for the alir at the external end of
the boundary layer.

Here, Pr

In view of Equation (B.14),

Pr="Pr, (]_A—az) [,'Iz / {,TG+ (1- 50):}
+ (1-z)/{1+(ac—1)}:|
/= /{#G+ (1=4C)z}+ (1-2).
J{i+me-n 2] (8.15)

(5) Schmidt number

Sc=p/pD
—Scz{l a- m)K}L/ T')%N

He

(B.16)
Here, Sc

5 is the Schmidt number of the air at the external end of the

boundary layer. The two-component diffusion coefficient Dis —(—

p=262.8x10-( 1 +M2)’T" b2, D,

(cm2.sec-1) (B.17)

v

sz={(a + 02)/2 (A&),
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The non-dimensional collision integrals were used for Q(ll—})J.

In view of Equation (B.1l7),

Sc=Sexf1— (1-&):}[,7: //{,?z+(1—ﬁc) z}

(B.18)
— G—
+a z)/{1+(m -0z} ] N
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